Mean fitness and inbreeding depression values in multi-locus models of the control of fitness were studied, using both a model of mutation to deleterious alleles, and a model of heterozygote advantage. Synergistic fitness interactions between loci were assumed, to find out if this more biologically plausible model altered the conclusions we obtained previously using a model of multiplicative interactions. Systems of unlinked loci were assumed. We used deterministic computer calculations, and approximations based on normal or Poisson theory. These approximations gave good agreement with the exact results for some regions of the parameter space. In the mutational model, we found that the effect of synergism was to lower the number of mutant alleles per individual, and thus to increase the mean fitness, compared with the multiplicative case. Inbreeding depression, however, was increased. Similar effects on mean fitness and inbreeding depression were found for the case of heterozygote advantage. For that model, the results were qualitatively similar to those previously obtained assuming multiplicativity. With the mutational load model, however, the mean fitness sometimes decreased, and the inbreeding depression increased, at high selfing rates, after declining as the selfing rate increased from zero. We also studied the behaviour of modifier alleles that changed the selfing rate, introduced into equilibrium populations. In general, the results were similar to those with the multiplicative model, but in some cases an ESS selfing rate, with selfing slightly below one, existed. Finally, we derive an approximate expression for the inbreeding depression in completely selfing populations. This depends only on the mutation rate and the dominance coefficient and can therefore be used to obtain estimates of the mutation rate to mildly deleterious alleles for plant species.
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In this paper, we study two different models for the maintenance of genetic variation in fitness. In the first of these, mutation to deleterious alleles occurs at many unlinked loci, and we study the effects of changing from the multiplicative model to the synergistic model of fitness interactions, on both the mean numbers of mutant alleles maintained per individual, and on the population mean fitness and inbreeding depression values of equilibrium populations with various levels of self-fertilization. With parameter values that are plausible for this form of selection, equilibrium populations sometimes build up very large average numbers of mutant alleles per individual (although these numbers are smaller than for the multiplicative runs with similar parameter values). The finding of large numbers of mutations per individual in these populations suggested the possibility of deriving approximate analytical models, and we present these for both the synergistic and multiplicative cases. The approximations are based on the assumption that the numbers of mutant alleles per individual follow normal or Poisson distributions. This permits more detailed exploration of the parameter space than was previously possible. The approximations are valid only for certain regions of the parameter space, but within these regions they give close agreement with the results of computer calculations that do not make any simplifying assumptions about the distribution of numbers of mutations.
We also compare the synergistic and multiplicative selection cases, using a model in which the variation in fitness in the populations is due to the maintenance of genetic variation at a number of unlinked loci whose alleles show symmetrical overdominance. For this model also, an approximate analytical treatment can be derived that gives excellent agreement with the results of computer calculations. Finally, for both types of model, we study the behaviour of modifier alleles that change the frequency of self-fertilization, to investigate the relationship between inbreeding depression and evolution of the selfing (or outcrossing) rate.
Model of synergistic interactions (i) Mutational model
The multiplicative model of interactions between loci used by assumes that the fitness of a genotype is given by the expression: 
where s is the selection coefficient against the mutant alleles (assumed to be the same for mutants at all loci), h is the dominance coefficient of these alleles, and y and z are the numbers of homozygous and heterozygous mutations in the genotype, respectively. Compared with this model, synergistic epistasis should decrease the mean number of mutant alleles present per individual in a population at equilibrium under mutation-selection balance. Thus the genetic load due to mutation is decreased if multiple-mutant genotypes have lower fitness than if the loci affected fitness independently (Kimura & Maruyama, 1966; Crow, 1970) . This form of synergism should also increase the inbreeding depression, because the effect of becoming homozygous for deleterious alleles should cause a greater decrease in fitness than when the fitness effect of the genotype at one locus is independent of the genotypes at the other loci. This can be seen by considering the way in which synergistic epistasis for fitness can be modelled. Charlesworth (1990) introduced a model of synergistic interactions for the case of a random-mating population, in which log fitness was assumed to be a quadratic function of the number of loci heterozygous for mutant alleles. In the present paper, we wish to allow homozygosity for mutant alleles. This model can be generalized to write:
where n, the effective number of mutations, can be expressed as a function of the numbers of mutations carried in the heterozygous state and the number homozygous, by weighting heterozygous mutations by the dominance coefficient, so that one homozygous mutation counts for the same as \/h heterozygous ones (Sved & Wilton, 1989) . In other words, we have n = hz+y. As explained by Charlesworth (1990) , the coefficient a in this epistatic fitness expression can be viewed as measuring the strength of selection and ft/a as measuring the degree of synergism. These coefficients are related approximately to the parameters in the quadratic fitness model of Kimura & Maruyama (1966) as follows. In that model, the fitness of a genotype with n mutations is given by w n = 1 -an -bn 2 (Crow, 1970) . With weak selection, ax a and § « 2b (note that because of the difference in the meaning of the parameter n, the a and /? parameters are not numerically the same as in Charlesworth, 1990) . In most of what follows, we based our runs on the 'standard parameter values' of Charlesworth (1990) . In the present notation, these values are a. = 001, /? = 002, h = 0-2. On this model, where one homozygous mutation is in a sense equivalent to many heterozygous ones and the effects of mutations are increasingly severe the more of them that are present in a genotype, the effect of inbreeding on fitness is evidently to cause a bigger decrease in fitness than with multiplicative fitness interactions, or with a 'diminishing returns' form of epistasis in which additional mutations have less and less effect (Charlesworth, 1990) .
Note that the model just specified is only one possible way in which synergism between the fitness effects of mutations at different loci could be modelled, and that other models might behave differently in some ways (Sved & Wilton, 1989) . However, all models should share the properties listed earlier in this section. The model has some convenient features, including the property that the /?/a parameter measures the degree of synergism, so that this can be varied independently of the strength of selection. When /? = 0, this model is approximately equivalent to the multiplicative fitness function of eqn (1), such that a x s when selection is weak. With stronger selection, no such direct equivalence exists.
The model given above has the property in common with truncation selection that fitness declines sharply when a mutation occurs in a genotype that has many mutations, but in the model described here there is no discontinuity. Truncation selection is therefore not a special case of this model, but must be studied separately.
In comparing results using the multiplicative and synergistic models, the ideal situation would be to hold constant the intensity of selection, together with the other important parameters, i.e. the dominance coefficient and the mutation rate, and just change the model of the interactions between loci. However, the selection intensity cannot be kept constant because with interactions in fitness between loci the selection at each locus depends on the genotypes at other loci. Using the synergism model specified above, it would seem that this could be achieved by keeping a constant and changing /?. However, we cannot compare results with /? greater than zero with results that assume the same selection coefficient, because the introduction of synergism effectively changes the selection on each locus (Sved & Wilton, 1989, p. 125) . This is apparent if one considers that, as mentioned above, the mean number of mutant alleles per individual at equilibrium is much lower under synergism than with multiplicativity (Crow, 1970; Charlesworth, 1990) , implying effectively stronger selection against mutant alleles when there is synergistic epistasis. To make comparison possible, we need to compare synergistic and multiplicative runs where both have the same mean number of mutations per individual at equilibrium, n. To do this, we make use of the result that for a random mating population at equilibrium under the multiplicative model the selection coefficient against heterozygotes for mutant alleles at each locus obeys the equation where U is the mutation rate per generation per diploid genome (Crow, 1970) . This gives us a way of deriving a selection coefficient from the observed value of n in a run that assumed synergistic epistasis with given values of U and h. This can then be used in runs with the multiplicative assumption /? = 0, to yield the same value of n for the same value of U. This, however, is only correct for outcrossing populations. For the case of partial or complete selfing, the above result does not hold true, and there is no other comparable equivalence property, so it is not possible to generate comparable pairs of results based on the multiplicative and synergistic assumptions. We have therefore proceeded to do runs with the same parameter values as for the corresponding outcrossing cases, other than changes in the selfing rate, S, even though the above selection coefficient does not correctly describe the intensity of selection against mutant alleles in selfing populations.
For the standard parameter values specified above, the value of s is about 014, which together with an h value of 0-2 yields l//w = 38. Crow & Simmons (1983, p. 27 ) estimated persistence times of mildly detrimental mutations in natural populations (which should be equal to l/hs) to be about 50, so that it appears that our parameter values are quite reasonable.
(ii) Symmetrical overdominance
Equal selective values at all loci were again assumed. Fitness was assumed to be a decreasing function of the number of loci homozygous . Thus, in the above notation, y can simply be substituted for n in eqn (2).
Assumptions of the population models, and computer methods

(i) Mutational model
In the work to be described here, all loci were assumed to be unlinked and a mutation at any of the loci was assumed to have an equivalent effect on fitness (equal selective values at all loci). These assumptions permit the deterministic method of Kondrashov (1985) to be used for the calculations. The methods used in what follows were the same as described in our previous paper on the case of multiplicative fitness interactions Charlesworth, 1990) , except for the change in the model of fitness interactions between the loci subject to mutation. As in our previous work, the sequence of events in each generation, starting from adult individuals, was mutation, then mating, and finally selection on the zygotes and normalization to produce the frequencies of the genotypic classes in the adults of the new generation. The number of new mutations per diploid individual follows a Poisson distribution with mean U.
Populations were run to equilibrium in the absence of genetic variation for the selfing rate, and the properties of the equilibrium population recorded. These included the mean fitness, w, and the mean fitnesses of progeny produced by outcrossing and by selfing (w x and, w s respectively). The inbreeding depression (8 = 1 -wjw x ) was calculated from these fitness values. Then a modifier allele changing the selfing rate was introduced and its frequency followed until a steady-state rate of change was attained. In certain cases, we also allowed the runs to continue until the modifier allele was either fixed or lost from the population. Modifier alleles were assumed to have intermediate dominance. Individuals of different genotypes at the modifier locus could be assumed to contribute equally to the pool of pollen used in generating the outcrossed progeny, or else the modifier could be allowed to affect the pollen output as well as the selfing rate. This allows for the possibility that 'pollen discounting' by genotypes with high selfing rates might lower their pollen output (Nagylaki, 1976) .
(ii) Overdominance model This model was based on Ziehe & Roberds' (1989) model of unlinked overdominant loci, generalized by Charlesworth & Charlesworth (1990) to include modifiers of the selfing rate. A number of such loci were assumed, with equal symmetrical selection coefficients against the homozygotes at all loci. The assumption of symmetrical fitnesses facilitates calculation of the genotypic distributions after mating, since there is no need to distinguish between the two homozygous genotypes. The sequence of events in each generation was similar to that described above for the mutational model, but there is no mutational step. Under this model, it is well known that all loci will have equilibrium allele frequencies of one-half.
4. Approximate analytical model of mutationselection balance with multiple loci and partial selfing
In this section, we will develop some approximate analytical results that will later be compared with the results of the computer calculations described above.
(i) General considerations
From the assumptions of the model, the state of an individual is characterized by the vector (y, z), where y and z are the numbers of homozygous and heterozygous mutations carried by the individual, respectively. The population of zygotes at the start of a generation consists of two subpopulations, one derived from outcrossing of the parents and the other from selfing. The respective frequencies are 1-5 and 5. The state of these sub-populations is described by the following variables. The number of heterozygous mutations per individual for the outcrossed subpopulation has mean z x and variance V zx . The number of homozygous mutations in this sub-population is zero, by hypothesis. The distribution of the number of heterozygous mutations in the selfed sub-population has mean and variance z s and V zs , respectively. Similarly, the distribution of the number of homozygous mutations has mean and variance of y s and V yt respectively. The covariance between the number of heterozygous and homozygous mutations among the selfed sub-population.is C yzs . Recurrence relations for these variables can be found by making specializing assumptions about the form of the relevant distributions. Two sets of such assumptions will be considered below.
(ii) Normal distribution model Normal distribution theory has been found to be very useful for dealing with the selection model of eqn (2), in the case of a random-mating population (Charlesworth, 1990 ). To apply this approach to the case of a partially selfing population, we have to assume a univariate normal distribution of the number of heterozygous mutations for the outcrossed sub-population, and a bivariate normal distribution of the number of heterozygous and homozygous mutations for the selfed sub-population. As will be seen below, this assumption is approximately correct under a wide range of conditions but tends to break down with high rates of self-fertilization when epistasis is weak.
Given the form of the selection function used here, the post-selection distributions within a generation are also normal. The means, variances and covariance of numbers of heterozygous and homozygous mutations for the post-selection distributions will be denoted by asterisks. From the results of Charlesworth (1990) for a random-mating population, the mean fitness of the outcrossed sub-population is 
The mean fitness w s , and the post-selection means and variances of the numbers of homozygous and heterozygous loci, of the selfed population can be obtained by the bivariate equivalent of the method of Charlesworth (1990) , as outlined in the Appendix.
For the population as a whole (derived partly from outcrossing and partly from selfing), the population mean fitness w and the parameters of the overall distribution of numbers of mutations after selection are given by the following expressions: where 5* = Svv s /vv. The terms involving the factor 5*(1 -S*) in the variances and covariance arise from the contributions of the difference in means between the selfed and outcrossed subpopulations. The effects of selection on the variances and covariances within the selfed and outcrossed subpopulations given by these equations reflect only the effects of selection on the components of variance contributed by deviations from random combinations of alleles at different loci, and do not include the changes in the genie variances contributed by the sum of the effects of each locus in isolation (Charlesworth, 1990) . It is not clear in the case of partially selfing populations how to incorporate the effects of selection on the genie variances of the numbers of homozygous and heterozygous mutations. We adopt the heuristic principle that, at equilibrium, these effects balance the effects of mutation. (This procedure is exact in the case of an outcrossing population, see Charlesworth, 1990 .) The equilibrium variances can then be computed by ignoring the effects of both selection and mutation on the changes in the genie variances. Accordingly, the recurrence relations given below are only valid close to equilibrium.
The distribution of z among the progeny of outcrossed individuals in the next generation can be found by noting that the progeny of two randomly chosen individuals with states (y, z) and (y', z') has mean y+y' + |(z + z'). Segregation at each locus that is heterozygous in either parent contributes a term of one-quarter to the variance of z in the progeny. Assuming free recombination, the variance of z in the progeny of this mating is thus j(z + z'). There is an additional contribution of U to the change in the mean of z. (New mutations contribute solely to the distribution of heterozygous mutations, since they are not made homozygous immediately.) Averaging over all pairs of parents, we obtain the following expression for the state of the outcrossed sub-population in the next generation:
The parameters of progeny produced by selfing can be determined as follows. Free recombination implies a multinomial distribution of the numbers of homozygous and heterozygous mutations in the progeny of a selfed individual. The mean number of homozygous mutations among the selfed progeny of an individual of state (y, z) is y + \z, and the variance is 3y/\6. The mean number of heterozygous mutations is z/2 and the variance is z/4. The covariance between y and z is -z/8. Averaging over the entire population of parental genotypic classes, the following expression describes the state of the selfed sub-population in the next generation:
Equations (6) and (7), together with the expressions for the state of the post-selection population, provide a complete description of the transition between generations. These expressions cannot be solved analytically for the equilibrium state, but are easy to iterate on a computer. Equilibrium is reached in a few tens of generations. Table 1 shows the equilibrium values of these distributional parameters for U = 1 and a/fi = 0-5, indicating satisfactory agreement between the exact and approximate results in this case. For weak epistasis, this approach breaks down, due to severe departures from normality, especially for progeny of selfing. For this reason, we have used an approximation based on the Poisson distribution for that case.
(iii) Poisson distribution model
In the case of the multiplicative model of eqn (1), it is known that the numbers of mutations per individual follow Poisson distributions in both random-mating and wholly self-fertilising populations (Haigh, 1978; Heller & Maynard Smith, 1979) . This suggests that it may be useful to assume Poisson distributions for the present case with multiplicative fitnesses, where (as discussed above) the normal approximation tends to fail with high selfing. Assume that the distributions of the numbers of heterozygous mutations among outcrossed progeny, among selfed progeny, and the distribution of the number of homozygous mutations among selfed progeny, are each Poisson, with means of z x , z, and y t respectively. Assume further that the distributions of the numbers of heterozygous and homozygous mutations among selfed progeny are independent. Given these assumptions, it is easily seen that (with multiplicative fitnesses) the corresponding post-selection distributions are also Poisson. We have The inbreeding depression, 8 = 1 -wjw x , can be derived from these quantities. The pre-and postselection variances are equal to the respective means, by hypothesis. The post-selection means and variances for the population as a whole are given by eqn (5). The means in the next generation are given by eqns (6 a), (7a) and (7b).
The variances are given by the following equations:
Inspection of these equations, together with the corresponding equations for the means, indicates that equality of means and variances and independence of the distributions of numbers of homozygous and heterozygous mutations among selfed progeny are preserved only if the post-selection means and variances for the whole population are equal. It can be seen from eqn (5) that the mixing of selfed and outcrossed progenies causes the means and variances to diverge, implying that the composite population no longer exactly follows Poisson distributions. Hence, the Poisson model will in general deviate from the exact results. The magnitude of the discrepancy will be greatest for intermediate selfing rates. Numerical studies show that in practice it provides good approximations for the case of multiplicative fitnesses, using the model of fitness interactions between loci specified by eqn (1) above (see Table 2 below). For the model used in the present paper, where heterozygous mutations are weighted by the dominance coefficient as explained above, it gives good agreement only for weak selection, and is best for either low or high selfing rates.
Analytical model of symmetrical overdominance with multiple loci and partial selling
A similar method can be used to provide an analytical approach to the case of multiple independent loci with symmetrical overdominance and equal fitness effects, previously studied by Ziehe & Roberds (1989) and Charlesworth & Charlesworth (1990) for the case of multiplicative fitnesses. In this case, the fitness of an individual homozygous at y loci can be written as (10) Since loci and alleles are interchangeable. Since the number of heterozygous loci is simply m-y, where m is the total number of loci in the genome which exhibit heterozygote advantage, the system can be described entirely in terms of the single variable y.
The approximate recurrence relations for this case can be derived as follows. Following Ziehe & Roberds (1989) , the number of heterozygous loci per individual in the outcrossed sub-population before selection is distributed binomially, with mean and variance m/2 and m/4, respectively. (This result is independent of the nature of the selection function.) Normal distribution theory can be used to calculate changes in the means and variances of y among the outcrossed and selfed sub-populations (cf. eqns (3) and (4)]. The parameters of the post-selection distribution for the whole population are given by eqn (5). The mean and variance of the number of homozygous loci per individual among the new zygotes produced by selling can be found by the same method as before, with the difference that homozygotes for both types of allele at a locus contribute to y. We obtain (lla) These equations can be iterated to find the composition of equilibrium populations under this model.
Results (i) Mutational model: numbers of mutations and genetic loads in equilibrium populations
As Charlesworth (1990) found for the random-mating case, even a slight degree of synergism (a small, but non-zero, /? value) causes a substantial reduction in the numbers of mutations at equilibrium compared with the multiplicative case (/? = 0). This is evident in our calculated results, using either the exact deterministic or approximate analytical model described above. As mentioned above, we mainly studied the 'standard parameter values' of Charlesworth (1990) , together with the effects of changes in the values of some of the parameters. Fig. 1 shows a set of runs with a = 001 and various values of /?, which displays the effect of increasing the degree of synergism. As can be seen from Fig. 1 , greater synergism (i.e. higher values of P) leads to lower numbers of mutations per individual at equilibrium, defined as the total number of mutant alleles per individual or, in the notation explained above, 2y-\-z.
As in the case of multiplicative fitness interactions ( , the mean number of mutations at equilibrium always decreased with increased selfing. This is the well-known result that inbreeding leads to lower equilibrium frequencies of deleterious recessive and partially recessive alleles, due to selective removal of these alleles because of their effect in causing low fitness of homozygotes produced by inbreeding. It is not surprising that this result remains true for the case of synergistic interactions. This decrease in the genetic load has been termed 'purging' of the inbred populations (Campbell, 1986; Lande & Schemske, 1985 ; see also ). Fig. 2 shows some examples of the effects of selfing on the mean fitness and inbreeding depression values in equilibrium populations. The mean fitness with partial selfing is a weighted mean of the fitnesses of outcrossed and selfed progeny. Both these increased with the selfing rate, for low 5, but the average fitness of selfed progeny sometimes decreased again at very high S, and this was sometimes enough to cause the overall population mean fitness to decrease for high S. In other words, the synergistic model could generate situations in which mean fitness was highest for S < 1, rather than always being highest when S = 1 as was the case with the multiplicative model. This effect was most evident when selection was weak (see Fig. 2 ). When selection was weak, the peak in the mean fitness was also located at a lower value of the selfing rate than for stronger selection, keeping other parameter values constant. Fig. 2 shows that the mean fitness for completely selfing populations was the same for any degree of synergism (varying the/?parameter value from 002 to 0-2). This can be understood as follows. Mutant alleles present in a completely selfing population will be homozygous for most of the period of time they spend in the population until they are eliminated, and selection therefore acts mainly on the homozygous genotypes. Once a selfing line is homozygous for a mutation, all descendants of that line will have the same genotype. The behaviour of the mean fitness of such a population will therefore be similar to that of an asexual population, for which it is known that the mean fitness is given by exp -U, regardless of the form of selection (Kimura & Maruyama, 1966) . In the case of asexual reproduction, the relevant mutation rate is the rate per diploid genome. For the case of complete selfing, however, the haploid mutation rate determines the mean fitness, because a mutation in one of the two alleles at a locus is sufficient to produce a homozygous line carrying the mutant allele, since homozygosity in populations with this breeding system is due to identity by descent of the two alleles in an individual, after a few generations of selfing. The mean fitness should therefore be approximately equal to exp -U/2. The values of the mean fitness were accurately predicted by this formula. For example, the predicted value is 0-607 for U = 1, and the mean fitness curves in Fig. 2 all converge on this value. However, the agreement was less good for weakly selected alleles, presumably because the approximation represented by assuming that selective elimination of alleles takes place predominantly by inviability of homozygotes is not strictly true. Some other examples, for various values of the inbreeding depression and of U, are also shown in Figs. 3 and 4 below. inbreeding depression values obtained are also shown in Figs. 2, 3 and 4. Inbreeding depression behaved in a converse manner to mean fitness, as the selfing rate or the mutation rate was increased. As the mean fitness decreased, inbreeding depression increased (Figs. 2 and 4) . With synergism, the inbreeding depression decreased as S increased when the populations had low to moderate S values but, in contrast to the multiplicative case studied before, it sometimes increased again in highly selfing populations (Figs. 2  and 4) . In other words, strong synergism flattened out the relationship between inbreeding depression and the selfing rate, compared with the curve for the multiplicative case. In the cases described above in which mean fitness peaks when S < 1, the same S value that corresponds to the highest mean fitness also yields the minimum inbreeding depression value. As mentioned above, this selfing rate is lower with weaker selection (lower a values).
As the figures show, the agreement between the exact and approximate results was quite good for low selfing rates, especially for weak selection with synergism, and the agreement remained good even for high mutation rates. Fig. 4 shows the effects on mean fitness and inbreeding depression of departure from the multiplicative assumption. To obtain comparable results for the multiplicative and synergistic models, the multiplicative case was altered from the model of eqn (1) to a model in which the heterozygous mutations were weighted so as to be treated as fractions of homozygous mutations, in the way described above for the synergistic model, i.e. /? was simply equated to zero in eqn (2). The figure compares two synergistic cases with multiplicative runs matched for the values of the selection coefficients in the outcrossing populations, as described in section 2(i). One of the comparisons shows the 'standard parameter values' defined above. This corresponds to a value of s = 014, for outcrossing. The other set of runs shown is for a = 0-1 and /? = 0-2, corresponding to s = 048 for outcrossing. Fig. 4 shows the results of the comparisons expressed as the ratios of the values in the runs assuming synergism, to those in the corresponding multiplicative runs. As would be expected from the reduction in numbers of mutations per individual in equilibrium populations with synergism, the mean fitness was increased by synergism, or in other words the genetic load decreased. There was also an increase in the inbreeding depression with increased synergism, especially for highly selfing populations. Thus, although the mean fitness was increased, so was the effect on fitness of inbreeding. This makes sense in terms of the fact that synergistic selection caused a greater decline in fitness for each mutant allele than does the multiplicative assumption. The effect of decreasing the recessivity of the mutations was generally to reduce the level of inbreeding depression found in equilibrium populations. Compared with the multiplicative model, synergism reduced the fall-off of inbreeding depression with increased selfing. Table 3 shows some examples of the inbreeding depression values at high selfing rates, for two of the synergistic models of Fig. 2 (the standard parameter values, and the case of a = 001, P = 0-2, which gave the worst agreement with the analytical values), and for the multiplicative model with selection coefficient 0-2. For synergistic selection with stronger selection, the results were similar to those shown, but the inbreeding depression values were more similar to those predicted by the analytical formula to be explained below than are the examples shown in Table 3 .
For the case of multiplicative fitnesses, an approximate expression for the inbreeding depression in a completely selfing population (assumed to be largely homozygous at all loci) can be derived as follows. Let the mean number of homozygous mutations per individual be n. Then with multiplicativity and a Poisson distribution of the number of mutations (see section 4[iii] above) the mean fitness of progeny produced by selfing is given approximately by
For complete selfing, the mean fitness of the population is equal to this value, and as explained above, this is approximately equal to exp -£7/2. Therefore n K, U/2s (see Heller & Maynard Smith, 1979, and Hopf et al. 1988 for alternative derivations of this result) and we can calculate w s , given U and s. To obtain w x we note that the fitness of the progeny of outcrossing between two lines homozygous for «, and n t mutations on the multiplicative assumption is Table 3 . The agreement with the exact results is good for the multiplicative runs but less so for the synergistic runs, especially when the dominance coefficient is high. In those cases the inbreeding depression predicted by the formulae just given is too low. It is not surprising that if the synergism is weak in comparison with the strength of selection, the results are well predicted by the multiplicative model, but the agreement for the case of strong synergism is still quite good. It is remarkable that the selection model has only a minor effect on the inbreeding depression values found in these highly inbred populations, and that the values predicted for complete selfing are also close to those calculated in the computer runs, even for selfing rates as low as 0-9.
At low selfing rates, with some parameter values with very low dominance coefficients, there was a disproportionate increase in the inbreeding depression, which rose to a value of 1 as S approached zero. This was accompanied by non-monotonic behaviour of the mean fitness (Fig. 5) . These effects were found in both the exact and the semi-analytical approximate results, but did not occur with all parameter values. This behaviour of the mean fitness with very recessive mutations appears explicable in terms of two opposing effects of increasing population selfing rates. Firstly, in highly outcrossing populations, the mean fitness of progeny of selfing will be much reduced, compared with that of outcrossed progeny (and there will be very high inbreeding depression, as seen in Fig. 5 ). For small increases in S, the contribution of selfed progeny to the population mean fitness increases, and these progeny have low average fitness. This can account for the reduction in mean fitness of the population as a whole, with small increases in selfing. In the second place, however, the frequencies of mutant alleles are reduced by increasing the selfing rate, due to their expression in homozygotes. Beyond some level of selfing, the second effect on allele frequencies leads to an increase in the population mean fitness. With less recessive alleles, the reduction in fitness on selfing is smaller in outcrossing populations, so the first effect is outweighed even for low selfing rates. It is intuitively reasonable that the first effect should be most pronounced with synergistic fitness interactions, when the effect of selfing in producing homozygosity at multiple loci should cause the greatest decrease in fitness.
(
ii) Mutational model: effects on modifiers of the outcrossing rate
One of the reasons for studying inbreeding depression in these runs is to ask whether it affects the evolution of the selfing rate ). Fig. 6 shows the results of introducing modifiers of the selfing rate into equilibrium populations with synergistic interactions. In these runs, the modifiers of the selfing rate were assumed to leave the contribution to the outcrossing pollen pool unchanged (no pollen discounting). The standard parameter set was used, with weak selection and weak synergism (a = 001, /? = 002), and the mutation rate per diploid genome (U) was assumed to be 1. As can be seen by inspection of the results in Fig. 2 , the inbreeding depression value for a random-mating population with these parameter values is greater than 0-5 (0-577), whereas for S = 0-5 it is 0-393. In Fig. 6 , we show the asymptotic rates of increase (measured as Ap/p, where p is the frequency of the modifier allele) of modifier alleles that change the selfing rate from these initial values to higher or lower values. The modifier alleles were assumed to be intermediate in their dominance. The sign of the change in modifier frequency was usually consistent throughout the course of spread, except that when modifiers causing high selfing rates were introduced into populations with inbreeding depression greater than one-half, they usually decreased at firsjt, but later changed over to increase in frequency. Transient changes in sign were occasionally observed in other cases, for a few generations ( < 10) after the modifier was introduced. Fig. 6 shows that, with the parameter set assumed here, outcrossing {S = 0) was stable to invasion by alleles increasing the selfing rate. When, however, the modifier caused complete selfing, a positive rate of increase was observed, i.e. such a modifier could invade the population. In contrast, when modifiers were introduced into a population with an initial selfing rate of 0-5, they invariably spread when their effect was to increase selfing, and were eliminated when they increased outcrossing. In other words, in that situation, with a lower initial inbreeding depression value, selfing was selectively favoured.
In general the direction of change in frequency of modifier alleles that changed the selfing rates by small amounts was, as in our previous studies of the multiplicative models, well predicted by the equations of Charlesworth (1980) which assumed a constant value of the inbreeding depression. We also tested for an effect of pollen discounting. We did this by setting the level of discounting to the value that, according to Charlesworth's equations, should just permit invasion by an allele increasing selfing, and asking whether the modifier did indeed increase in frequency. In most of the cases run, the agreement with the analytical equation was good. The modifier was prevented from increase by a level of discounting that was within one or two percent of the predicted value.
When an initial population with a very high selfing rate (5 = 0-99) was studied, however, modifiers causing complete selfing were often selected against, even though the inbreeding depression was low, and alleles causing increased outcrossing were also eliminated. Thus with these parameter values there could be an evolutionarily stable (ESS) selfing rate slightly below complete selfing. No such ESS was observed with the multiplicative models studied by us previously . The existence of an ESS was confirmed by studies of the initial rates of increase of modifier alleles having the same small effect on the selfing rate, in a set of runs with various initial selfing rates close to 0-99 (Fig. 7) , and by other similar runs for various parameter sets. With some degree of pollen discounting, the ESS was located at lower selfing rates than without discounting, unless the level of discounting was so high that there was no ESS, and modifiers increasing selfing were eliminated. This is expected, because discounting effectively reduces the advantage of selfing (Nagylaki, 1976) . However, the ESS selfing rates were located at higher selfing rates than the values corresponding to the maximum in the mean fitness. The effect of pollen discounting was to lower the ESS towards the selfing rate that yielded maximum mean fitness. We also found that the degree of discounting that prevented spread of a modifier increasing the selfing rate was lower than that predicted by Charlesworth's (1980) equation, for populations with selfing rates in the region of the ESS than for lower selfing rates. That equation is thus not accurate in this region of the selfing rate range.
(iii) Overdominance model
In order to compare the results for the multiplicative case with those with synergism, the following relation between the single-locus selection coefficient and the selection parameters of eqn (10) can be established for a random-mating population. Assuming independence of loci, the heterozygotes Aa at a given locus have a mean number of homozygous loci of \m-\ = f(w ~ !)• Homozygotes aa have a mean of \m -1+ 1 = K w + ')• The difference between these is -1. Hence, the selective advantage of heterozygotes over homozygotes can be approximated by The parameters of some equilibrium populations are shown in Table 4 , calculated both by the exact method of Charlesworth & Charlesworth (1990) , and by the above approximation. The selection coefficient s is 005, and 50 loci are assumed to be segregating. Multiplicative fitnesses and fairly strong synergism are compared, for the same set of selfing rates. There is good agreement between the exact and approximate results, especially with synergism. It will be seen that synergism has a slight effect in increasing the level of inbreeding depression (e.g. with 50% selfing, there is an 11 % increase in S over the value for multiplicative fitnesses). Inbreeding depression increases with the selfing rate with both multiplicative fitnesses and with synergism, as previously found for multiplicative interactions (Holsinger, 1988; Ziehe&Roberds, 1989; ). There are only minor effects of synergism on the means and variances of the number of homozygous mutations per individual. On the other hand, there is a large increase in the population mean fitness for low selfing rates, corresponding to a large increase in the mean fitness of outcrossed individuals. The variances in fitness were also larger with synergism than for the multiplicative case (results not shown). Since it is difficult to account for inbreeding depression in terms of loci with overdominance, because of the large variance in fitness that accompanies appreciable inbreeding depression (Charlesworth & Charlesworth, 1990) , the introduction of synergism, with an even greater variance in fitness, does not make such an interpretation more plausible.
When modifiers of the selfing rate were also modelled, the results were very similar to those reported previously for the multiplicative model of overdominance at several loci (Charlesworth & Charlesworth, 1990) . There were ESS values of the selfing rate, at which neither alleles reducing, nor alleles increasing it, hadi positive rates of change. The ESS selfing rate values were located close to values yielding an inbreeding depression of 0-5 for modifiers with no pollen discounting.
Discussion (i) Genetic loads and inbreeding depression values
The results obtained with synergistic interactions between loci show that the effects of synergism are most pronounced on the numbers of mutant alleles present in individuals in populations at equilibrium. Increased synergism leads to the maintenance of lower numbers of deleterious mutations for the same value of hs, as expected (Crow, 1970) , and higher mean fitness (King, 1967; Sved et al. 1967) . There is also an effect on the shape of the relationship between inbreeding depression and the population selfing rate. For the mutational load model, synergistic fitness interactions tend to slow the decline in the inbreeding depression as the selfing rate increases, compared with the multiplicative model. With symmetrical overdominance, inbreeding depression increases with the selfing rate, as was found for multiplicative fitnesses (Charlesworth & Charlesworth, 1990) .
With mutational load, there could sometimes even be a slight increase in inbreeding depression, and decrease in the population mean fitness, at selfing rates close to complete selfing. The decrease in the fitness of progeny of selfing when S is very high probably arises from the fact that, despite the purging effect of selection against mutant alleles in homozygotes in this type of situation (so that the number of mutant alleles carried in the heterozygous state decreases with 5), the number of homozygous mutants increases with the selfing rate . Since homozygous loci occur only in progeny derived from selfing, this means that, in highly selfing populations, selfed progeny may be homozygous for more mutant alleles than in less selfing populations with the same values of the other parameters of the model. This can be seen in Table 1 . This effect tends to lower the fitness of selfed progeny in highly selfing populations, but the purging of mutant alleles from the populations means that they carry fewer mutations in the heterozygous state, and this works in the opposite direction. With multiplicativity, it appears from the results of our runs that the effect of increased . numbers of homozygous loci is not enough to outweigh the effect of the decrease in the number of loci heterozygous for mutations, and so the mean fitness of progeny derived from selfing increases with the selfing rate. With synergism, however, the lowering of fitness in homozygotes is more severe, compared with the effect of several heterozygous loci, than in the multiplicative case, and this can sometimes cause a decrease in the fitness of the progeny of selfing as the selfing rate increases. Since in highly selfing populations the mean fitness of the population as a whole is largely determined by that of the selfed progeny, this accounts for the decrease in mean fitness in those cases where it was observed.
As previously noted for the multiplicative case, the mutational model can yield populations with high selfing rates and with high inbreeding depression values, given sufficiently high per genome mutation rates. For this to be true, the dominance coefficient must not be too close to 0-5, but the effect of partial dominance is less strong than for the multiplicative case. This can be seen from Table 3 , and is also graphed in Fig. 8 , which compares the inbreeding depression values predicted by the approximate formula derived in section 6(ii) above with the synergistic case that gave the worst agreement with those values. When there is disagreement between the two curves, the synergistic results are always higher than the predicted values (even though these are higher than the exact multiplicative results for high h values), whereas the values calculated on the multiplicative assumption were always very close to the predicted values. The effect of synergism is therefore to increase the level of inbreeding depression, compared with the multiplicative case.
Since the magnitude of inbreeding depression in highly selfing populations is not very sensitive to the selection model, nor to the strength of selection, these results suggest the possibility of using eqn (13) to estimate the mutation rate per genome to deleterious alleles, from data on inbreeding depression in such populations. This would be very valuable, because this has rarely been estimated, apart from the work using Drosophila melanogaster (Crow & Simmons, 1983) . For highly inbreeding populations, the magnitude of inbreeding depression is estimated from the degree of heterosis when lines are intercrossed. It is reasonable to use such data to estimate the mutation rate to mildly deleterious alleles, because it is unlikely that populations that are highly inbred will carry any appreciable frequency of recessive lethal mutations. It is also unlikely that they will be polymorphic for overdominant alleles at many loci, since such polymorphisms cannot be maintained in highly selfing populations unless the selection coefficients against the two homozygotes are equal, which is improbable (Kimura & Ohta, 1971) .
There appear to be few data currently available that can be used to get such an estimate. It is well documented that heterosis between lines of Arabidopsis thaliana is quite strong (Griffing & Langridge, 1963; Griffing & Zsiros, 1971; Griffing, 1989) , and that this plant is highly inbreeding (Abbott & Gomes, 1988) . Griffing & Langridge (1963) report data yielding inbreeding depression values ranging from 0037 to 0-67, depending on the temperature at which the plants were grown. In the experiments of Griffing (1989) involving two inbred strains, the average inbreeding depression in yield ( = plant dry weight) was about 0-16, with very little variation caused by the other genotypes with which the plants studied were competing. This value is probably an underestimate, because it is based on comparing the parental strains and the F 2 between them, due to low yields of Fj seeds. Riley (1956) obtained an estimate of heterosis in both within-and between-population crosses in Thlaspi arvense, from which inbreeding depression values ranging from 0 to 0-32 for the germination rate can be estimated. The ratio of fitnesses of plants grown from seeds produced by selfing by cleistogamous flowers and those produced by chasmogamous flowers has been estimated for plants from one population of Impatiens capensis (Schmitt & Ehrhardt, 1990) , and ranged from 0 to 0-155, depending on the conditions used, the stage of the life cycle studied, and the estimation procedure employed. For dry weight of harvested mature plants, the value in competitive conditions was 0-265, even after adjusting for different seed weights and collection dates. Assuming that up to half of the seeds from chasmogamous flowers may have been produced by outcrossing, these data suggest an inbreeding depression value of at least 0-1-0-2 (Schmitt & Ehrhardt, 1990) . The breeding system of this population has not been quantitatively estimated, but Schmitt et al. (1987) estimate that about 10% of the seeds are produced by chasmogamous flowers (see also Waller, 1984) , so that the outcrossing rate of the population must be less than 5 % even if the outcrossing rate of chasmogamous flowers is as high as 0-5 (Knight & Waller, 1986) . Imam and Allard (1965) obtained similar data from wild oats. The outcrossing rates of different populations were estimated to be below 0-1, ranging as low as 001. In a nursery experiment using plants from different populations grown together, several components of fitness were higher for plants derived from naturally open pollinated flowers than for progeny of hand selfing. For tiller number or survival from emergence to flowering, the ratio of values of these fitness components was about 11 for these two types of progeny. If one assumes an outcrossing rate of 0-1 for the open pollinated flowers, this yields an inbreeding depression value of 0-53, with higher values if the outcrossing rate were lower than this. However, it is possible that the selfed progeny could have lower fitness values due to some difference caused by the bagging procedure needed to ensure that outcrossing did not occur, so these estimates are possibly suspect. Svensson (1988) found inbreeding depression in a measure of male fertility of about 0-17 in the self-fertilizing species Scleranthus annuus.
Taken together, these values suggest that heterosis in highly inbreeding plants is large enough that the value of U must be at least 0-5, even assuming a low h value, and could be double that if h were higher (Table 3) . It would obviously be desirable to have estimates of h for these populations. These data, although scanty, show that populations that are highly selfing can have measurable inbreeding depression, as the mutational model predicts. Other data from Impatiens capensis are quite consistent with the results cited above (Waller, 1984) . Data from highly inbreeding crops also support the view that inbreeding depression can still be detected in these in terms of heterosis when lines are crossed (reviewed by Wright, 1977) .
ii) Approximate analytical results
The results shown above also demonstrate that approximate models, based on normal or Poisson distributions of numbers of mutant alleles per individual, can provide good predictions of the mean fitness and inbreeding depression values of populations at equilibrium under mutation at many loci, balanced by selection. The normal approximation fails to work well for high selfing and weak synergism, but the Poisson approximation works for multiplicative fitness interactions. Good approximations can also be obtained for the case of heterozygote advantage. The good agreement of the normal approximation for the mutational model with synergism is surprising, because the population in each generation is a mixture of products of selfing and of random outcrossing, so that the distributions of numbers of mutations are bimodal (Fig. 9) . While it is not very surprising that the distribution of numbers of mutant alleles carried in heterozygotes among the outcrossed progeny, or of numbers of mutant alleles homozygous in the inbred progeny, might approximate a Poisson or a normal distribution, it is unexpected to get a very satisfactory approximation to the overall distribution by any unimodal distribution. The approximate approach failed, however, to give a satisfactory method for dealing with the initial spread of modifier alleles affecting the selfing rate, presumably because of this same problem of combining different distributions of numbers of mutations in each generation. (iii) Effects on modifiers of the selfing rate As we previously found for multiplicative interactions between the selected loci, the magnitude of inbreeding depression predicts whether modifiers of small effect on the selfing rate will increase or decrease, when introduced at low frequency into populations at equilibrium. If the inbreeding depression exceeded one-half (in the absence of pollen discounting), modifiers increasing the outcrossing rate were selected for. However we found that, as for the multiplicative case, major modifiers increasing the selfing rate could sometimes spread even when the inbreeding depression was high. This appears to be because when a modifier causing a high selfing rate arises, it produces a highly selfing line. Within such a line, the effect of inbreeding is to purge the line of deleterious mutations. Its mean fitness will therefore increase, and the allele for selfing can after some time establish an association with a set of genotypes of high mean fitness, and attain a positive rate of increase. This interpretation is consistent with the fact that in such cases the modifier allele initially decreased in frequency, and then increased. This is in line with discussions in Campbell (1986) , Lande & Schemske (1985) and and is no different from what we found in the multiplicative case. Because synergism leads to greater inbreeding depression than the multiplicative model, for populations with the same mean fitness, it should tend to yield stronger selection for outcrossing, or to be more likely to maintain outcrossing.
Unlike our previous results with multiplicative fitness interactions between loci, we found that with synergism there can be evolutionarily stable states at intermediate values of the selfing rate slightly below complete selfing. As discussed above, these ESSs were always at high values of the selfing rate. In every case studied when there was an ESS for the selfing rate there was also a maximum in the mean fitness (or minimum in inbreeding depression) at some selfing rate below unity. This result is in accord with a suggestion by A. S. Kondrashov (pers. comm., cited in Charlesworth et al. 1990 ) that with truncation selection there could be a maximum in mean fitness and that this might explain his finding of ESS selfing rates for models with truncation selection. The present results show that it is correct that there is a maximum in mean fitness, and that this is not confined to the case of truncation selection. This does not, however, prove that the ESS in Kondrashov's results is due to this cause, as his model included differences in allocation patterns which would also have been capable of generating stable intermediate selfing rates (see . In the present case, however, the ESS selfing rates do appear to be due to the behaviour of the mean fitness.
The ESS selfing rates were somewhat higher than the selfing rate corresponding to the maximum in the mean fitness. The explanation for these ESS selfing rates is probably as follows. When selfing is close to total, and a modifier is introduced that increases selfing, the modifier allele and the original allele are each confined to an almost entirely homozygous line. The outcome therefore depends on the mean fitnesses of these lines, and we have seen above that this can decrease at very high 5 values, in the synergistic model of selection. The ESS values are higher than the S values with maximum fitness, because the transmission advantage to alleles that cause high selfing rates (Fisher, 1941) can outweigh the reduction in fitness unless this is too great. The existence of such ESS selfing rates is interesting because it is well known that there appears to be a tendency for even highly selfing populations to have selfing rates just below complete selfing. This was pointed out by Darwin (1862, p. 293) , who states that nature: 'abhors perpetual selffertilisation '.
(iv) Evidence for synergistic interactions between loci affecting fitness It seems unlikely that the systems we have studied would behave very differently if we had used another model for the synergism, and the behaviour appears similar even to the results obtained by Kondrashov (1985) who assumed truncation selection. However, there is no firm evidence for synergism as intense as represented by a truncation model. The best evidence that synergism occurs comes from the work of Mukai (reviewed by Crow, 1970 and Charlesworth, 1990) . The degree of synergism estimated from Mukai's work appeared to be slight, and the 'standard parameter set' used here and by Charlesworth (1990) was based on these estimates. Synergism could also be detected by studies of the relationship between fitness components and inbreeding coefficients, for example by generating progeny of a set of matings between relatives of different degrees. The results of a number of such studies in conifers were reviewed by Griffin & Lindgren (1985) , and appear to show some evidence for larger declines in fitness for any given increment in the inbreeding coefficient, the higher the inbreeding' coefficient, suggesting synergistic interactions of the kind postulated here. However, at high inbreeding coefficients, the reverse was found. Much more extensive studies of the decline in fitness with the increasing inbreeding coefficient over successive generations of inbreeding have been published (reviewed by Lynch, 1988) , but these are unsatisfactory for the present purposes, because the genetic variation in fitness will change over the generations of such an experiment. In particular, there will be a reduction in the frequency of deleterious recessive and partially recessive alleles, as inbreeding proceeds. It is therefore not surprising that such experiments generally produce a rapid decline in fitness at first, followed by slower changes in later generations (Jones, 1939) . This relationship between inbreeding and fitness can not therefore be taken as evidence of negative synergism. If an accelerating decline is found, however, this does suggest synergism. Some cases are known (e.g. Gallais, 1984; Bondari & Dunham, 1987) . The overall conclusion from our studies of synergistic fitness interactions is therefore that synergism makes it somewhat easier to maintain high inbreeding depression and to select for, or to maintain, outcrossing under the mutational load model. This is especially true for populations with high selling rates (Fig. 4) . Even small amounts of synergism in relation to the strength of selection (small fi/a) are effective in this way. This work was supported by NSF grants BSR 8516629 and BSR 8817976.
